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Abstract 

It is shown that Einstein- Weyl (EW) equations in 2+1 dimensions contain the dispersionless 
Kadomtsev-Petviashvili (dKP) equation as a special case: If an EW structure admits a constant 
weighted vector then it is locally given hy h = dy^ — Adxdt — Audt^ , v — —\u^dt^ where u — u{x, y, t) 
satisfies the dKP equation [ut — uux)x — Uyy. 

Linearised solutions to the dKP equation are shown to give rise to four-dimensional anti-self- 
dual conformal structures with symmetries. All four-dimensional hyper-Kahler metrics in signature 

(+ H ) for which the self-dual part of the derivative of a Killing vector is null arise by this 

construction. 

Two new classes of examples of EW metrics which depend on one arbitrary function of one 
variable are given, and characterised. 

A Lax representation of the EW condition is found and used to show that all EW spaces arise 
as symmetry reductions of hyper-Hermitian metrics in four dimensions. 

The EW equations are reformulated in terms of a simple and closed two-form on the CP^-bundle 
over a Weyl space. 

It is proved that complex solutions to the dKP equations, modulo a certain coordinate freedom, 
are in a one-to-one correspondence with minitwistor spaces (two-dimensional complex manifolds 
Z containing a rational curve with normal bundle C(2)) that admit a section of k~^^^, where k 
is the canonical bundle of Z. Real solutions are obtained if the minitwistor space also admits an 
anti-holomorphic involution with fixed points together with a rational curve and section of k"^/* 
that are invariant under the involution. 

1 Three-dimensional Einstein— Weyl spaces 

The aim of this paper is to study the Einstein- Weyl (EW) equations in relation to integrable 
systems, and in particular the dispersionless Kadomtsev-Petviashvili equation. 

We begin by collecting various definitions and formulae concerning three-dimensional Einstein- 
Weyl spaces (see for a fuller account). In section 2 we construct and characterise a class of 
new EW structures in 2-1-1 dimensions out of solutions to the dKP equation. We then show that 
the dKP solutions give rise to hyper-Kahler metrics in four dimensions. We abuse terminology 

and call hyper-Kahler (hyper-complex, hyper-Hermitian) metrics which in signature (-1- H ) 

should be referred to as pseudo- hyper-Kahler (pseudo- hyper-complex, pseudo- hyper-Hermitian). 
A null vector field (with conformal weight) will play a central role in our discussion so most of 
our constructions only make sense for Einsetin-Weyl spaces with Lorentzian signature, or complex 
holomorphic EW spaces (i.e. the complexification of real analytic EW spaces) and for the most 
part we work with the latter and restrict to a real slice when reality conditions play a role. 

In section 3 we construct some new examples of EW structures. We obtain all solutions of the 
dKP equation with the property that the associated EW space admits a family of divergence-free, 
shear-free geodesic congruences. These solutions give rise to new EW metrics depending on one 
arbitrary function of one variable. 

In section 4 a Lax representation of the general EW equations is given, together with a refor- 
mulation of the EW equations in terms of a closed and simple two-form on the bundle of spinors. A 
full twistor characterisation of dKP Einstein- Weyl structures and the corresponding hyper-Kahler 
metrics will be given in section 5. In section 6 we summarise our present knowledge of conformal 
reductions of four-dimcnsional hyper-Kahler metrics in split signature. In the Appendix we show 
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how to obtain the dKP equation as a reduction of Plebahski's second heavenly equation Parts 
of this work appeared in the DPhil thesis of one of the authors (MD) 

Let W be a 3-dimensional complex manifold (one can also define Weyl spaces in arbitrary 
dimension) with a torsion- free connection D and a conformal metric [h]. We shall call W a Weyl 
space if the null geodesies of [h] are also geodesies for D. This condition is equivalent to 

D.hjk = i^ihjk (1-1) 

for some one form v. Here hjk is a representative metric in the conformal class. The indices i, j, k, ... 
go from 1 to 3. If we change this representative by h — > 'P'^h, then i/ — > ly + 2dln(p. The one-form 
V 'measures' the difference between D and the Levi-Civita connection V of h: 

D,V^ = V,yJ - i (^Sii^k + Siiy, - hky')v\ (1.2) 

The Ricci tensor Wij and scalar W oi D are related to the Ricci tensor Rtj and scalar i? of V by 
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A tensor object T which transforms as T — > 0™T when hij — > is said to be conformally 

invariant of weight m. The Ricci scalar W, and the Ricci tensor Wij have weights —2 and 
respectively. 

Let /3 be a p-forni of weight m. The covariant exterior derivative 

— Tn 

Df3 d/3- yi/A/? 

is a well-defined p+ 1-form of weight to. The formula for a covariant weighted derivative of a vector 
of weight m is 



We say that a vector K is a symmetry of a Weyl structure if it preserves the conformal structure 
[h], the Weyl connection, and the compatibility (1.1) between those two. These conditions imply 

= iph, C-kv = d-i/", (1-4) 

where (/i, v) is a Weyl structure, and Ck is the Lie derivative along K . 

The conformally invariant Einstein- Weyl (EW) condition on (W, /i, v) is 

If the above equation is satisfied and is a gradient, then h is conformal to a metric with constant 
curvature. 

In terms of the Riemannian data the Einstein- Weyl equations are 

Here Xij is a conformally invariant te nsor (the trace-free part of the Ricci tensor of the Weyl 
connection). Weyl spaces which satisfy (L5) will be c alled Einstein- Weyl (or EW) spaces. 

In three dimensions the general solution of (1J)-(L5) depends on four arbitrary functions of 
two variables Q . The equations of the Weyl geodesies are 

ds dx"^ dx^ ' 

where C = {\/2)hijX^x^ and Fi — Xi{x'^Vj) — (\l2)vi(x^ Xj). Here ' = d/ds stands for the derivative 

with respect to a parameter s. It is evident that for null the geodesies coincide with the null 
geodesies for 



2 Einstein— Weyl structures from the dKP equation 

In this section we shall construct Einstein-Weyl structures out of solutions to the dKP equation. 
In subsection 2.1 we shall find a class of hyper-Kahler metrics in four dimensions which reduce to 
dKP EW metrics. 

The full Kadomtsev-Petviashvih equation for U := U(X''),X' = {X,Y,T) 

[Ut - UUx - {l/l2)Uxxx)x = Uyy (2.6) 

arises as a compatibility condition for the linear system L^'i! = Li^ = 0, where ^ = '^{X.Y.T) 
and 

Lo = dY- {l/2)d\ -U, Li = dT- (l/3)9i - Udx - W, 



for some W = W{X, Y, T). To take a dispersionless limit of (2^) |_2[ introduce the slow coordinates 
:= eX* (note that our notation for 'slow' and 'fast' coordinates is different from the usual one), 
and define u{x^) := U{X'^),w{x'^) := W{X'^). The linear system is replaced by 

Sy = {l/2)Sl + u, St^ (1/3)5| + + w. (2.7) 

Here S := S{x^) is the action defined by ^(X') = exp [e~^S'(a;*)], and higher order terms in 
e have been neglected. Formulae ( ^.7[ ) can be treated as a pair of Hamilton-Jacobi equations 
StA + Ha{Sx,x, Ia) = 0, with = (y, t) and Ha = (-^2, i?3) where 

H2 ■= — + M, Hj, := — + Xu + w 

for u — u{x, y, t) and w ~ w{x, y, t). 

Now X* and dS/dx^ = (A, H2, H^) form a set of canonically conjugate variables on an 'extended 
phase-space', with the symplectic form 

dS 

n = dx' A d— = dx A dA + dw A dH2 + di A diJa- (2.8) 

ox* 

This two-form is closed by definition. It is also simple iff u and w satisfy 

Wx = Uy, Ut - UUx = Wy. 

Eliminating w yields the dKP equation 

{Ut - UUj:)x = Uyy. (2.9) 

The simplicity of 11 implies [dy + Xn^idt + ^Hs] = where Xh ■= H^dy^ — H^dx denotes the 
Hamiltonian vector field with respect to dA A dx, holding t and y constant. This gives a Lax pair 
for the dKP equation in terms of Hamiltonian vector fields. To obtain a Lax pair which is linear 
in the spectral parameter put 

Lo> := dt + Xhs - X{dy + Xh, ) = 9* - ud^ - Xdy + Uyd^, Ly := dy + Xr^ ^ dy - Xd^ + u^dy 

(2.10) 

The dKP equation is equivalent to 

[Lq/, Li'] = -UxLi>. 

Define a triad of vectors 

Vi'i' := dx, Vo'i' dy, Vq'o' dt - udx 

so La' = TT^ Va'S' + where tt^ = (1, -A) and /a' = (uy, Ux). 

The next proposition shows that we can find a one form v such that V a'B' is a null triad for 
an EW metric: 



Proposition 2.1 Let u := u{x,y,t) be a solution of the dKP equation (2.9). Then the metric and 
the one-form 

h = dy^ - Adxdt - Audt"^, v = -Auxdt (2.11) 

give an EW structure. 



Proof. Let := t, := y, := x. Five (out of six) EW equations Xij = are satisfied identically 
by ansatz (2.11). The equation xii = is equivalent to (2.£). We also find W = —3uxx- ^ 
Example: Solutions which yield EW structures conformal to Einstein metrics (i.e. those for which 
V is exact) are of the form 



l{x, y, t) = xh it) + i - flit)') y' + f2{t)y + h(t), 



(2.12) 



where /i(t), /2(i), fz{t) are arbitrary functions of one variab le. 

One can verify that the vector dx in the EW space ( 2.11 ) is a covariantly constant null vector in 
the W eyl connection with weight —1/2. Now we shall prove the converse, and show that solutions 
( 2.11 ) are characterised by the existence of a constant weighted vector. 

Proposition 2.2 // a three dimensional EW space has a constant weighted vector field I then 
coordinates can he chosen to put the EW metric and 1-form in the form (2.11). 

We shall need following lemma: 

Lemma 2.3 Let I be a constant weighted vector on a three-dimensional EW space. Then either 
the EW space is flat or I is null (so on a real slice the signature is (H )) and has weight —1/2. 

Proof. Assume that {h, v) is a complex EW structure (we shall specify the reality conditions later 
in the proof). Commuting the Weyl derivatives yields 



where W^mij is the curvature of the Weyl connection, and to is the weight of 
decomposed as 



-e 



kq Q rfc p 



It can be 



(2.13) 



where Fij — ^lii^j] , and Sij is a conformally invariant tensor of weight 0. If the EW equations are 
satisfied Sij is given by 

(2.14) 



5. 
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Equations ( |2.13| ) and ( |2.14| ) imply 
{m + l)F,jl'' 



1 I. W u 



5%). 



(2.15) 



In three dimensions any non-zero two-form Fij has a non-trivial kernel, i.e. there exists a non-zero 
vector U with FijU — 0, which implies 



Fij FSijl^L 

for some non-zero F. We have to consider three cases: 

• Suppose first that L*^ is a null vector and contract ( ^.15 ) with U to find 



— F-Pp 

^ 2 



kqp^ 



■pqrL^rU + ^{5':i,V ~ LHi). 



(2.16) 



(2.17) 



Contracting this with yields WljL^ =0. If T4^ = then ( 2.17 ) implies that f and U are 
proportional, so T is null. If 7^ 0, so that ljU = then ( 2.17 ) reduces to 

W. 



= ^FLn-^L.et^ 
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from which again l^ is null. Therefore /* and are both null and orthogonal and so (as we 
work in three dimensions) they have to be proportional. Now (2.17) forces W = 0. Equation 
( 2.15 ) is now satisfied only if m = —1/2. 

If is not null, we can choose an orthogonal frame with F23 = F ^ , and F12 = F13 = 0, 
and use ( ^l5| ) to examine components of Fijl'^ in this frame. This yields 



Wh = 0, 
{m + l)Ff = 0, 



Fl^ = 0, 



-Fl^ 
2 
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{m + l)Fp ^Wh^l-Fl', 
6 2 



\fv' - \wh = 0, (2.18) 
(to+ l)F/3 = -liy/s = ]^Fl^. 



Therefore l'^ = 0, and (|l5) imply (m + 1/2)FP = 0, (m + l/2)Fl^ 
TO = —1/2. Equations ( 2. IS) also imply that P is null. 



0. But I' ^ 0, so 



A 



• IfF = = dz^ = (Einstein case) choose a conformal gauge in which = 0. Now DJ^ — 
ViV = implies R = 0. Therefore the metric h is fiat and P is a constant vector. 



□ 

Proof of Proposition (2^). Lemma and the formula (LS) with m = —1/2 imply 



D^P = D^P + ^v,V = 0. (2.19) 

Therefore Dilj = {'i/A)vilj, so dl = (3/4)j/ A 1 (here 1 is the one form dual to I). 

This implies that we can rescale the metric and hence 1 so that 1 = — 2di for some function t. 
We must then have v = bdt for some function b. Choose coordinates x and y so that l{y) — Q and 
l{x) = 1 and {x,y,t) is a coordinate system. At this point we have 

h = Fdy^ + Gdydt ~ Adxdt - Audt^ , ly ^ bdt, 



where F, G, b and u are functions of x,y, t. The formulae (1.2) and ( 2.19| ) imply ViJj = (1/4);/^/ 
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{l/2)ujli. Symmetrising this expression yields ^{ilj) = —(1/4)1^,7^, which implies that — Gx — 
0, and Aux = —b. We are still free to change x x + P{y, t), which gives 

h = Fdy"^ + Gdydt ~ 4(da: + Pydy + Ptdt)dt - 4udi^ = -Au^dt. 



We can find K such that dy :— \/Fdy + Kdt is exact, and eliminate the dyd< term in the metric 
by choosing APy = —2K + Gj^fF . This (after redefining u by adding to it a function of (y, t) so 



that V remains unchanged) yields the EW structure ( 2.11 ). □ 

Remark: The above coordinate conditions fix the coordinates and u only up to the freedom 
(x, y, t) ^ {x, y, i), u{x, y, t) i-> u{x, y, i) where 

{x,y,t) = {x- f'y-g,y-2f,i), 
u{x,y,t) = u{S:-f'y-g,y-2f,i)~yf"-r^-g'. (2.20) 

where / and g are arbitrary functions of t and / denotes the derivative with respect to t. 

Furthermore the conformal scale is only fixed up to arbitrary functions oi t, h h = ^l^h. Such 
a rescaling leads to a redefinition of t, t i-^ i given hy t = c(t) where fl = c'~'^^^ where now and 
in the following / denotes the derivative wrt t. This leads to the redefinitions {x,y,t) {x,y,t), 
u{x,y,t) u{x,y,i) given by 

{x,y,t) = (c'y^i+-^^f,c''^^y,c{t)), 

u(x,y,t) = '^''^Mc''^'-+^f^^''^'y^-) + § + Y8 (2-2^) 

From the point of view of the Einstein- Weyl spaces, the transformations above are equivalences, 
however from the point of view of the dKP equations, they map one solution of the dKP equations 
to another allowing one to deduce solutions depending on 3 functions of one variable from a given 
solution: 

Corollary 2.4 Let u{x,y,t) be a solution to the dKP equation, then u(x,y,t) is another solution 
where u is given in terms of either of the formulae (2.21) or ( 2.20|) . 



2.1 Hyper-Kahler structures from the dKP equation 



In this subsection we shall show that EW structures given by ( 2.11 ) give rise to four-dimensional 
hyper-Kahler structures with symmetry. We shall start by summarising some results about anti- 
self-dual (ASD) four manifolds with Killing vectors, and the Lax representation of hyper- Hermitian 
four manifolds. 

All three-dimensional EW spaces can be obtained as spaces of trajectories of conformal Killing 
vectors in four-dimensional manifolds with ASD conformal curvature: 



Proposition 2.5 (|17|) Let {A4,g) be an ASD four-manifold with a conformal Killing vector K. 
The EW structure on the space W of trajectories of K (which is assumed to be non-pathological) is 
defined by 

h:^\K\-^g-\K\-^KQK, := s* {2\K\-^ {K A dK)) , (2.22) 



where \K\'^ cjabK'^K^, K is the one form dual to K and *g is taken with respect to g and 
s : W f-^ M is an arbitrary section of the fibration M ^— > W. All EW structures arise in this way. 

Conversely, let {h, v) he a three-dimensional EW structure on W , and let {V, a) be a pair 
consisting of a function of weight —1 and a one-form on W which satisfy the generalised monopole 
equation 

+ {\/2)vV) ^da, (2.23) 

where *h is taken with respect to h. Then 

g^Vh±V-^{dz + af (2.24) 



is an ASD metric with an isometry K = dz- The minus sign in ( ^.24 ) is choosen if h has signature 
(+ + -)• 

In what follows we shall consider ASD structures which are also (complexified) hyper- Hemiitian. 

A smooth manifold M equipped with three almost complex structures (/, J, K) satisfying the 
algebra of quaternions is called hyper-complex iff the almost complex structure J7a ~ al + bJ + cK 
is integrable for any (a, 6, c) G S^. We use A = {a + ib)/{c— 1), a stereographic coordinate on 
which we view as a complex projective line CP^. Let 5 be a Riemannian metric on A4. If (Al, J7a) 
is hyper-complex and g{J\X, J\Y) = g[X, Y) for all vectors X,Y onM then the triple (tW, J\,g) 
is called a hyper-Hermitian structure. 

We will in practice be interested in complexified or indefinite hyper-Hermitian metrics with 

signature (-1- H ) for which the tensors (/, J, K) must necessarily be complex. In signature 

(+ H ) we can arrange that one be real and the other two be pure imaginary, in the latter case 

they determine a pair of transverse null foliations. 

We shall restrict ourselves to oriented four manifolds. In four dimensions a hyper-complex 
structure defines a conformal structure, which in explicit terms is represented by a conformal 
orthonormal frame of vector fields {X, IX, JX, KX), for any X S TM. It is well known that 
this conformal structure is ASD with the orientation determined by the complex structures. 

If there exists a choice of a conformal factor such that a two form Y,\ defined by 'S\{X,Y) :— 
g{X,J\Y) is closed (with fixed A) for aU A e CP^ and aU vectors {X,Y) then (A^, J\,g) is called 
hyp er-K abler. 

We shall use the following characterisation of the hyper-Hermiticity condition: 

Proposition 2.6 (||22|, §) Let Vaa' be four independent real vector fields on a four- dimensional 
real manifold M , and let 

= Voo' - AVoi', ii = Vio' - AVii', w/iere A e CP^ 

If 

[Xo,ii]=0 (2.25) 

for every \, then V aA' is a null tetrad for a (+ H ) hyper-Hermitian metric on M. Every 

(+ H ) hyper-Hermitian metric arises in this way. Moreover, if the vectors VaA' preserve a 

volume form volg on M, then f^^'S/ aA' is a null tetrad for a (+ H ) hyper-Kdhler metric on 

M. =volg(Voo',Vio',Voi',ViiO. 



Now we shall use (2.11) and Proposition to construct ASD metrics out of solutions to the dKP 



equation, and Proposition 2.6 to show that they are hyper-Kahler. 

Assume that h and v are as in ( ^.11 ) . Taking the exterior derivative of the generalised monopole 



equation ( p. 23 ) yields 



= V, W + (1/2)(VV,)V^ + {i/2y^,v 

= ^yy - ^xt + uVxx + 'i.UxVx + u^xV (2.26) 



which is just a linearisation of the dKP equation (2.9) (note that for u ~ {2.2t) is just the wave 
equation relative to the flat metric dy^ — Adxdt). One solution is V = Ux/2. One could find a 



corresponding a and write down a metric using formula (2.24) (see the remarks after Proposition 



2.7), but we shall present a different method based on the Lax operators. 



Take the Lax operators (2.10) and introduce a new spectral parameter A := A — z for some z. 
The function u{x, y, t) does not depend on z so we can replace dj^ by dz. This yields (with dropped 
primes and added tildes) 

Lq = dt - udx - zdy -i- Uydz - Xdy, 
Li = dy ~ zdx + Uxdz - Xdx. 



a 



To obtain a pair of exactly commuting operators take 

Li := Li = dy - zdx + u^dz - Xd^, 

Lq := Lq + zLi = dt - {u + z^)dx + {uy + Uxz)dz - X{dy + zdx). 
If u {x, y, t) is a solution to ( |2.9| ) then these operators satisfy [ioj^i] = and so, by Proposition 



2.6, the vectors 



Vio' = dy- zdx + u^dz, Vii' =dx, Vq 



9t - (it + z^)dx + {uy + Uxz)dz, Vol' = (^y + zdx), 



form a hyper-Hermitian frame. The vectors V aa' preserve the volume form volg — dt Adj/AdxAdz, 
and = Ux/'i- Therefore we have the following 

Proposition 2.7 Let u — u{x,y,t). The metric 

g = !^(dj/2 _ 4da;dt - Audt^) - — (dz - ^ - uydt f (2.27) 

is hyper-Kdhler. 
Remarks: 

• The above metric has a Killing vector with the dual 

2 M:rdy 
A = (dz Uydt), 

and the formulae ( ^.22 ) gives rise to the Einstein- Weyl structure ( The self-dual part 
of dK is a simple two-form. In secti on p| we shall show that all hyper-Kahler metrics with 
such symmetries are locally given by (2.27). 

• Note that Ux f or (|2.27 ) to be well defined. To obtain a flat metric take u = —x/t which 
is a special case of ( 2.12| ). The metric (2.27) becomes 

dt di^ 
g = 2dxy - 2x— + 2tdz^ + 2dzdy. 

Putting X — Xt + z'^t/2, y = Y ~ zt yields the flat metric 

g = 2dXdt + 2dzdy. 

• The metric ( ^.27 ) could be found directly from the monopole equation ( 2.23| ) as follows: 
Rewrite the metric ( p. 11 ) in an orthonormal triad h = e\ + e\ — where 

ei = dy, 62 = dx + (u — l)dt, = dx + {u + l)dt. 

The duality relations *he-i = 63 A 62, *he2 = ei A 63, ^hS-z — e\ l\ei yield 

*/i di dt A dy, *hdy = 2dt A dx, *hdx = dy A da; -I- 2udy A dt. (2.28) 



Take V — Ux/2, and use the above relations to write the monopole equation ( 2.23 ) as 

— ^dy A dx -I- Uxydt A dx + {u^ + uu^x ^^^y — 

Choosing the gauge in which a ~ otidy + a2dt (this is always possible by redefining a coor- 
dinate z along the orbits of a Killing vector) gives 



{ai)x^ {oL2)x = -Uxy, {a2)y-{ai)t 

All solutions to this system of equations are gauge equivalent to 



Uxt 



(2.29) 



Substituting V,a and h to (2.24) yields (2.27). 
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• The Lax pair ( 2.10| ) can be obtained from the hyper-Kahler Lax pair by a symmetry reduction: 
The distribution {K, Lq, Li) is not integrable, as [K, Lq] — —dy and [K, Li] = —dx- To obtain 
an integrable distribution, one needs to lift K to the correspondence space hy K = K — d\. 
Then (K, Lq, Li) is an integrable distribution, but K(X) ^ 0, which forces us to introduce an 
invariant spectral parameter A = X + z. This implies that in the Lax pair we replace all dz 
by if + d^. Now we restrict ourselves to invariant solutions to io^ — Li'i> — 0, and so we 
ignore K in the Lax pair. The reduced Lax pair is given by ( 2.10 ). 

In the covariantly constant primed spin frame the null tetrad is 



„oo' 



„oi' 



.10' 



dz 



dz — Uxdy — {uy + zUx)dt^ 



Uydt 



.11 



dx + udt 



Uydt 



and the metric ( ^.27| ) is 2(6"° e^^ — e^^ e^*^ ). The basis of SD two form is in this frame given by 



-.I'l' 



= dz A dt. 



^o'l' 



= dz A dy + d{u + z^) A dt, 



Uxdx A dy — uuxdy A dt + Uydx A di + d(Mz) A dt + dz A {dx + zdy + z^dt). 



They satisfy 



-2EO'o' a Si'i' 



^O'l' 



AE 



O'l' 



dE 



o'o' 



dE 



o'l' 



dE 



I'l' 



0: 



which again implies that the metric (2.27) is hyper-Kahler. Note that the Killing vector K — dz 
does not preserve the Kahler form E'^^ 



3 Examples 

3.1 dKP EW spaces with symmetry 

In this subsection we shall construct EW structures depending on one arbitrary function of one 
variable. 

To find some explicit examples of (2.11) assume that u is independent of y. Therefore it satisfies 
the simple equation uux = ut, all solutions of which are given in an implicit form 

u{x, t) — f{x + tu{x, t)) 

(more general hodograph transformations for dKP arising from its connection with equations of 
hydrodynamic type were studied in |l^, and jT^). 

Here / is an arbitrary function of one variable s :— x + tu{x,t). The idea is to write the 
Einstein- Weyl structure ( ^.11 ) making use of this 'hodograph transformation'. We have 

h = dy^ - 4dt(dj: + udt) = dy^ - 4dt(ds - tdu) = dy^ ~ Mtds + 4tdtd/(s) 

where we performed a coordinate transformation {x,y,t) (s,j/,t). Defining F{s) :— df/ds and 
replacing Ux by F/(l — tF) yields the EW structure 

F(s) 

h = dy^ + 4(tF(s) - l)dtds, ly = 4 — , ; ' dt, (3.30) 

tF(s) ~ 1 

which depends on one arbitrary function F{s) (which we shall take to be strictly negative) of one 
variable. This structure has signature (+ H — ). If t > then it is well-defined on x IR+ x K. 

We shall now show that formulae ( [3.3C| ) give a class of EW structures on principal bundles 
over Weyl manifolds. 

Proposition 3.1 Let (Af, [_ff],i/^f) be a two-dimensional manifold with a Weyl structure of signa- 
ture (H — ) and let TT : W > M he an bundle over N . If 

h dy^ + 7r*iJ, v :~ tt*i/h 



(where y is a coordinate on a fibre) is an EW structure on W then it can be put in the form ( 3.30 ). 



o 



Proof. We can use isothermal coordinates {s,t) on JV and choose a representative of a conformal 
class [H] such that h and i' are 

h^dy^ + 2G{S, t)dSdt, v = K{S, t)dt. (3.31) 



Each EW structure of this form is equivalent to ( 3.3C| ). This can be seen as follows: Equations 



Xi3 — X22 = imply that K — AGt/G + f{t). The function f{t) can be absorbed in the definition 
of G. Then the vanishing of X33 (all remaining EW equations are satisfied trivially) yields G{s, t) = 
—2Fi{s) + 2tF2{s) for arbi trary Fi an d i^2- Now we define a new coordinate s by ds := Fi{s)ds. 
Equival ence between ( 3.31 ) and ( 3.30| ) is finally obtained by putting F{s) :— F2{s)/Fi{s). The 



metric (|3.30| ) is not Einstein as G22 7^ 0, G13 7^ and R = —2Fs/{tF — 1)'^ is not constant (unless 
F is constant). To visualise the two-dimensional surface N on which H is defined one can restrict 

a flat (+ H ) metric on M**, g = dfdw — dsdt to the intersection of the paraboloid w — /2 with 

the hyper-surface / = /(s). □ 

The hyper-Kahler metric corresponding to (3.3C) has an additional null Killing vector dy and 



is (with definitions dw := —Fds,F('w) := F ^) given by 

g = dwdt + dzdy + [t - F{w))dz^ 

where F{w) is arbitrary. 

Other examples (without a Killing vector) can be obtained from 



where A{t) is arbitrary. 



3.2 dKP metrics which are hyper- CR 

Let us recall that that an EW metric is called hyper-CR (or special) if it admits a two-parameter 
family of shear-free, divergence-free geodesic congruences [|. All hyper-CR EW spaces arise as 
reductions of hyper-Kahler metrics by triholomorphic homotheties [0. In this section we shall 
find all EW metrics in 2+1 dimensions which are both dKP and hyper-CR. This will lead to a 
class of solutions to the dKP equation depending on one arbitrary function of one variable. 

Proposition 3.2 All EW metrics which admit a constant weighted vector and a two parameter 
family of shear-free geodesic congruences with a vanishing divergence are either spaces of constant 
curvature or are locally of the form 



/ P(i\ \ 8a; 

/i = dj/2-4da;di-4(— ^--2jd^^ v = —dt, (3.32) 



where P is an arbitrary function of t. 

Proof. The hyper-CR condition for a metric is characterised jlO| by the existence of a scalar p of 
weight —1 which (together with the Einstein- Weyl one form v) satisfies the monopole equation 

*h {dp + -vp) = dv, (3.33) 

and the algebraic constraint 

= \w. (3.34) 



We shall impose these conditions on the dKP metric (2.11). The monopole equation yields 

(Auxx — 2py)dx A dt + Pxdy A dx + {2pxU — pt + 2pux + Auxy)dy A dt = 
which (together with ( ^.34| )) gives four scalar equations: 

Py = 2uxx, Px = 0, 2pux - Pt + '^Uxy = 0, (0^ = Suxx- (3.35) 



If Uxx — then the last relation in ( ^.35 ) gives p = 0. The monopole equation then implies that 



z/ is closed, and the Einstein-Weyl metric is conformal to Einstein. Therefore we assume Uxx 7^ 0. 



n 



Differentiating the third equation in ( p. 35 ) with respect to x (and using the first two equations) 
gives 



^xxy 



The integrabiUty conditions to (the otherwise over-determined system) ( 3.35 ) are 



^xxx 
U 



The first condition imphes u{x,y,t) — ax^ 
satisfy 

a 



^1 '^xxy UxxyyUxx — U^xi '^Uxxy — V^xxJ (3.36) 

xxy'^xxt ^xxyt^xx "t" ^'^x^xx^xxy '^^xy^xx — ^" 

bx + c. Here a, 6, c are functions of y and t, which 

2 



yy 



6a^ 



0, 



byy — 2at + 6ab = 0, 



bt + 2ac + 6^ = 0, 



- 2a^ = 0, 



a; + 4a^ = 0, 
aayt — dyGt — 2aayb + 2bya^ 







(3.37) 
(3.38) 
(3.39) 
(3.40) 
(3.41) 
(3.42) 



Equations (3.37, 3.38, 3.39) foUow from the dKP ( |2.9| ), and the other equations are the integrabiUty 
conditions (3.36). Solve (3.41) to find a{y,t) = —{y — L{t))^'^ (or a = which gives Uxx = 0). 

We can now perform the coordinate transformation ( ^.2C| ) with / = —L/2 and 5 = to 
set L{t) = 0. One verifies that (3.37), and (3.41) are now also satisfied. Equation (3.38) gives 
b{y,t) = -M{t)y-^ + N{t)y^, but ( |3.42| ) implies N{t) = 0. So far we have 



dy^ - Adxdt + 4 



{ciy,t) 



xM{t) 



di' 



8x + AMlt) , 
V — dt. 



The function M{t) can be eliminated by the coordinate transformation (2.20) with g = M/2. 
Imposing ( 3.39| ) yields c{y,t) = P{t)/y + R{t)y^ leaving 



h^dy^- Mxdt + + ^ + Rit)y^)di 

\ y^ y I 



8a; , 
V = -^dt. 

y 



We eliminate R{t) by performing the conformal rescaling and associated coordinate redefinitions 
of (2.21) with c{t) satisfying 



R 



c'" 
6c?3 



This yields, dropping the tildes and with a redefinition of P, 



■u{x,y,t) ^ - — 



The Einstein- Weyl structure is therefore ( 3.32[). T he arbitrary function P{t) can not be eliminated. 
This can be seen by finding the symmetries (1.4) of the EW structure ( 3.32| ). We summarise our 
findings in the table below: 



(i) 
(ii) 
(iii) 
(iv) 

where a, b, c are constants, and 



Function P{t) 



Symmetries 



m = 

P(t) = const ^ 
P{t) = {bt + c)^ 
general P{t) 



cKi + aK2 + bKs 
none 



dt, 



{l/2)ydy + xdx 



K3 = {l/2)ydy + tdt, = tydy + iy^ + 2xt)dx + ^t^dt 



Note that in case (ii) we can redefine coordinates to set P{t) = 1. The vector fields Ki,K2 + 
3K3, K4 generate the Lie group of Bianchi type VIII, i.e. SU{1, 1), and the cases {i) and (ii) give 
homogeneous EW spaces. Case {iii) can be reduced to P{t) =t°',K = K3 + [{2a + l)/3]K2, where 
a — const =/= 0. □ 
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4 The twistor correspondences and Lax formulations 



In this section we shall study the twistor theory of the EW spaces. We first discuss the twistor 
correspondence in the flat case. We then give a Lax formulation of the EW equations and derive 
from it the twistor correspondence. We study this correspondence in relation to reductions of 
the anti-self-duality equations on four-dimensional conformal structures. We then reformulate the 
Einstein- Weyl equations in terms of a certain two-form on the trivial CP^ bundle over a Weyl 
space. 

4.1 The flat correspondence 

Let us begin by recalling Ward's approach to twistors in (2+l)-diniensional flat space-times. 
Rearrange the space time coordinates {x,y,t) as a symmetric two-spinor^ 

^A'B' ._ ( t y/2 
■ [y/2 X 

such that the space-time metric and the volume form are : 

h = -2dxA'B'<^x^'^' , voU = dxA'^' ^dxc'^' A dxs'^' ■ 

The two-dimensional spinor indices are raised and lowered with the symplectic form ea'B'i such 
that eo'i' = 1 (see for a full account of the two-spinor formalism). We shall use the abstract 
index convention = V'^^ ^ ^ = v^^ tt^ ^ based on an isomorphism T^W = S^^ \ 

The projective mini-twistor space of R^+^ is the two-dimensional complex manifold Z — TCP^ 
which is the total space of the line bundle C(2) of Chern class 2 over CP^. Points of Z correspond 
to null 2-planes in R^+-'^ via the incidence relation 



„A'B' 



X 



T^A'T^B' — ^- (4.43) 



Here (w, ttq', tti') are homogeneous coordinates on 0(2): (a;, t t^') ^ {p lu, pnA'), where p e C* 



In the afflne coordinates A :— ttoz/tti/,^ := a;/(7ri/)^ equation (4.43) is £^ ~ x + Xy + X^t. First fix 
(w, TTA')- If (C, A) are both real then ( 4.43| ) defines a null plane in M^+-'^. If both ^ and A are complex 



then the solution to (4.43) is a time like curve in M + . We shall say that this curve is oriented to 



the future if ImA > and to the past otherwise. If A is real and ^ is complex then (4.43) has no 
solutions for finite x"^ ^ . 



An alternate interpretation of ( 4.43| ) is to fix a;'^ . This determines oj as a function of tta' 



i.e. a section of 0(2) CP^ when factored out by the relation {uj-ka') ^ {p^ uj , pir a') ■ These are 
embedded rational curves with normal bundle 0(2). Two rational curves Ip^ and (corresponding 
to {ti,yi,xi) and (^2,2/2, 2^2) respectively) intersect at two points 



Ai,2 = ;r7^ , where Ri ■= (h - t2,yi - y2,xi - X2). 

ZJxi 

Therefore the incidence of curves in Z encodes the causal structure of M^+^ in the following sense: 
Ip-^ and Ip^ intersect at (a) one point, (b) two real points, (c) two complex points conjugates of 
each other, iff pi,p2 are (a) null separated, (b) space-like separated, (c) time-like separated. 

Examining the relevant cohomology groups shows that the moduli space of curves with normal 
bundle 0(2) in Z is C'^. The real space-time arises as the moduli space of curves that are 

invariant under the conjugation (ujyTTA') '—^ (w, tta')- 

The correspondence space = x CP"^ = {{p, Z) ^ x Z\Z £ Ip}. By definition, it inherits 
fibrations over both and Z and the fibration of = x CP^ over Z has fibres spanned by the 
distribution La' = tt^ dA'B', where Oa'B'x'^ ^ = l/2(£5'^s' + ^b'^a')- the affine coordinates 
TT^ = (1, — A) this distribution is 

Lo' ^ dt- Xdy, Li> = dy - Xdx 



^The use of primed (rather than unprimed) spinors in this section originates from the representation of Einstein- Weyl 
spaces as reductions of ASD (rather than SD) metrics in four dimensions. ASD structures (for which the covariantly 
constant self-dual spinors are conventionally denoted as having primed indices) are taken as basic because they arise 
from a natural choice of orientation and conformal structure on a Kahler manifold. 
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(we have ignored the constant factor Try). Note that this La' is the special case u{x,y,t) = of 
the Lax pair ( p.lC ) for the dKP equation. 



We also define the correspondence space J^w = ]R^+^ x CP^ for M^+^ . Let Zr be the sub-manifold 
of Z preserved by the conjugation 

(W, TTo' , TTl/ ) ^ (ZU, 7f57, TrjT) , 

and let Ip be the real line in Zr that corresponds to p G W and let Z E Ip. The totally real 
correspondence space is a four-dimensional real manifold defined by :~ Zr x M^+^j^gj^^ and 

can be represented as the set A = A or tta' — t^A' ■ The distribution La' H La' is one dimensional, 
spanned by tt"^ tv^ Qa'b' , on the complement of J-^. On La' H La' is two real dimensional as 
here La' = La'- The real correspondence space divides — '^^'^ x CP^ into two halves. 

4.2 The Lax formulation and twistor correspondence 

Proposition 4.1 Let Vi,V2,V3 be three independent holomorphic vector fields on a three dimen- 
sional complex manifold W such that 

Lo' ^Vi-~XV2 + fo'd^^, Li, ^V2~~XV3 + fvdj^ (4.44) 

is an integrable distribution for some functions /o',/i', which are third-order polynomials in \ E 
CP^. Then there exists a one form v such that the contravariant metric V2(8)V2 — l/2(Vi(8)V3-l-V3(8)Vi) 
and V give an EW structure on W. Each EW structure arises in this way. 

Remarks: 



The Lax pair (2.10) for the dKP equation is of course a special case of (4.44). 

The Lax formulations are widely applicable in the theory of integrable systems and so the 
above proposition can be applied outside twistor theory. It is however much easier to prove 



Proposition 4.1 using the twistor geometry, rather than an explicit calculation. This justifies 



adopting the spinor notation 



Va'B' = ( , fA'^ ifo'Ji'), TT^' = (1, -A), 



V2 V3 ^ 

in which the Lax pair has the compact form La' — tt^ ^A'B' + fA'dy^. We shall use this 



notation in the proof of Proposition 4.1 



The third order polynomials fA' contain eight functions not depending on A. These can be 
reduced to four functions by choice of a suitable spin frame for which fA' become linear in A. 
In this frame there exists a vector formula for v in terms of Py-fc , and fA' ■ 



• Proposition 4.1 holds for complex solutions and for any choice of signature for real space time. 

Proof of Proposition Assume that h = V2®V2 - l/2{Vi V3 + V3 <S) Vi) and 1^ gives 

an EW structure. Let V{X) ^ Vi - 2XV2 + X^Vs. Then .g(y(A), ^(A)) = for aU A G CP^ so 
V{X) determines a sphere of null vectors. Choose Iq' = Vi — AV2, ly = V2 — AV3 as a basis of the 
orthogonal complement of V{X). For each A G CP^ the vectors Iqi, ly give a null two-surface. It is 
well known |l^, ^ that the EW equations on (h, v) are equivalent to the integrability conditions 
of null, totally geodesic planes. Therefore the Frobenius theorem implies that the horizontal lifts 

Lo' ^Vi- XV2 + fo'd-^, Lv ^V2- AF3 + fvd~^ 

of /q', lv to TiyV X CP^) span an integrable distribution. The functions /o' and fy are third order 
in A, because the Mobius transformations of CP^ are generated by vector fields quadratic in A, and 
lo>,li> are linear A. 

The above argument can be made more explicit in spinor notation: let La' be horizontal lift of 
Ia' = TT^ '^A'B' to the weighted spin bundle (i.e. La'TTc = 0). This yields 

La' — TT V A'B' + ^ A'B'C'D'T^ TT 



dnc 

1 / jj> d 1 d D' d \ Ar\ 
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where Ta'B'cd' is spinor Levi-Civita connection defined by Wa'B'T^c ^ A' B'C D'"^^ ■ The 
integrabihty conditions imply [La',Lb'] = (mod La')- The distribution La', when projected to 



^vv is given by (4.44), where 



fA' = rA'ij'C'D'Tr^'Tr^'vr^' + (l/4)^A'i^S'C'^''V^'. 

□ 

The twistor space Z for a solution to the EW equations on (W, h, v) associated to the Lax system 
on La> as above is obtained by factoring the spin bundle W x CP^ by the twistor distribution (Lax 
pair) La'- This clearly has a projection q : W x CP^ Z and we have a double fibration 

W X CP^ 
r / \q 
W Z 

Each point p e W determines a sphere Ip made up of all the null totally geodesic two-surfaces 
through p. The normal bundle of Ip in Z is N = TZ\i^/Tlp. This is a rank one vector bundle over 
CP^, therefore it has to be one of the standard line bundles 0{n). 

Lemma 4.2 The holomorphic curves Ip := g(CPp) where CP^ — r~^{p), p G W, have normal 
bundle N = 0{2). 

Proof. To see this, note that N can be identified with the quotient 7'*(TpyV)/{span Lo',Li>}. In 
their homogeneous form the operators La' have weight one, so the distribution spanned by them 
is isomorphic to the bundle (E) 0(— 1). The definition of the normal bundle as a quotient gives 
a sequence of sheaves over CP"'^ . 

— > (8) 0{-l) — >C^ — > N — >0 

and we see that N = C(2), because the last map, in the spinor notation, is given explicitly by 
V^'B' ^ V^'^' tta'T^B' clearly projecting onto 0(2). □ 

A generalisation of the flat mini- twistor correspondence to the 2+1 EW spaces is given by the 
following proposition 



Proposition 4.3 (|16|) Any solution to the EW equations (1.5) is equivalent to a complex surface 



Z with a family of rational curves with normal bundle 0{2). 

Points of W correspond to curves in Z with self-intersection number 2. The Kodaira theorem 
Ip^ applied to deformations preserving the real structure of Z guarantees the existence of a three- 
dimensional complex family of such curves. Points of Z correspond to totally geodesic hyper- 
surfaces in W. Non-null geodesies in W consist of all the curves in Z which intersect at two fixed 
points in Z. Null geodesies correspond to curves passing through one point with a given tangent 
direction. Thus the projective and conformal structures can be reconstructed. □ 



4.3 Mini-twistor spaces from twistor spaces 

Proposition 4.4 All Einstein-Weyl spaces arise as symmetry reductions of hyper- Hermitian met- 
rics (or indefinite hyper-Hermitian metrics) in four- dimensions. 



Proof. Consider an EW structure with the corresponding Lax pair (4.44). Choose a spin frame in 
which fA' is linear in A; fA' ~ Ua' + \Wa' (this is always possible by making a suitable Mobius 
transformation of CP^ and choosing an appropriate conformal scale) , and introduce a new spectral 
parameter A :— X — z for some z. Nothing in the La' depends on z so we can replace 9^ by dz- 
This yields (with a dropped prime) 



where 



La — Vyio' ~ AVai' 



Vo'o' + z^o'v + {Uo' + zWo')dz, 
Vio' = Vi'o' + z\/in' + {Uv + zWv)dz, 
Vol' = Vo'v+Wo'dz, 
Vii' = Vi'i'+M^i'^^ 



' 00' — 
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where Uqi ,Uii ,Woi ,Wii are four functions not depending of A. One is left with a Lax pair for a 
hyper-Hermitian four manifold because La can be made to commute exactly (as in Proposition 
2.6) by choosing two solution to the background coupled neutrino equation (see for details). 



This Lax pair has an obvious symmetry dz- □ 

Remark: All EW spaces arise as symmetry reductions of a pair of coupled PDEs |^] , associated 
to hyper-Hermitian four manifolds. In |^ Proposition 4.44 was proven using different methods for 
EW spaces of Riemannian signature. 

The twistor construction of Hitchin can be viewed as a reduction of Penrose's Nonlinear Gravi- 



ton construction. It follows from | |17| (compare Proposition 2.5) that the mini- twistor space Z 
corresponding to W is a factor space VT/K. where VT is the twistor space of {A4,g) and /C is a 
holomorphic vector field on VT corresponding to a conformal Killing vector K. 

Below we shall state the Penrose result extended to the Einstein and hyper-Hermitian cases: 

Proposition 4.5 LetVT be a three-dimensional complex manifold with a four- dimensional family 
of rational curves (invariant under a complex conjugation with fixed points) with normal bundle 
0{1) © 0(1). Then the moduli space M of these sections is equipped with an ASD conformal 

structure [g] of signature (-f H ). Conversely given an ASD four-manifold there will always 

exists a corresponding twistor space. Moreover Ai is: 

• Hyper-Kdhler iff there exists a projection /i : VT — > CP^, and each fibre of this projection 
is equipped with an /x*0(2) valued symplectic form (equivalently, we can require that the 
canonical bundle k of VT is k = ^*0{—A)). 

• Hyper-Hermitian iff there is a projection fi : VT > CP^ ||^ . 

• Einstein (Rab — ^gab) iff there exists a contact structure r E A^(T*VT) (g) 0(2), where now 
0(2) = and K is the canonical bundle fl^ , such that r A dr = where ^ G 17"^ (K) k ^ 

4.3.1 Construction of the two form 

Consider an ASD four-manifold {A4, [g]). Define the non- projective twistor space, T, to be the 
total space of the line bundle k^/"* VT where k = fi'^ is the canonical bundle. In the conformally- 
flat case T is the tautological line bundle 0(— 1), i.e. i-^ CP'^, and we will also use this notation, 
T = 0(— 1) in the curved case. The nonprojective spin bundle Sa' Ai is defined to be the 
total space of the puUback of this line bundle to the correspondence space — A4 x CP^ . Clearly 
Sa' = M X C^. The fibration q : ^ T \s spanned by a lift of the twistor distribution or Lax 
pair. The non-pro jective spin bundle is the total space of a line bundle, which we will also denote 
by 0(— 1), over T. (Note that in the hyper-Hermitian case the line bundles 0(n) just defined will 
not be the same as ^*0{n) unless (A^, [g]) is in fact hyper-K abler.) 

The space T admits an Euler vector field T being the total space a of line bundle, and a 
tautological three-form, ^ the puUback of the tautological three-form on k. These satisfy Cr^ = 4^. 
Let (j) = d^, then ^ = 4(/)(T, ...). ^ can be thought of as a form on VT with values in the dual 
canonical bundle k* . 

We now impose a symmetry: let K, K, and K, be respectively: a conformal Killing vector on 
Ai, its lift to the correspondence space A4 x CP^, and the holomorphic vector field on T which is 
the push-forward of K. 

Proposition 4.6 The two form E := q*(l)iJC, T, ...) € A'^{T*S'^') satisfies 

EAS = 0, dE = /3AS £^£ = (4.46) 
for some one-form [3 homogeneous of degree in . 

Proof: It follows from the definition of S that the integrable twistor distribution belongs is the 



kernel of E. Therefore equations ( 4.46 ) follow from Frobenius' theorem. The one-form /? is defined 
up to the addition of d(ln cr) where cr is a twistor function homogeneous of degree 0. □ 

From Cr'^ = 4S and T J S = it follows that S descends to !F where it takes values in 0(4). 
Note however that dE does not descend as TJ dS = Cr'^ 7^ 0. To differentiate S on JF we need 
a nonzero section of 0(4) in order to dehomogenise E. When {A4,g) is ASD Einstein or vacuum 
we can find a section of 0(4) to dehomogenise E. This section necessarily has zeroes, and so 
equivalently, this requires the existence of a divisor description of the dual canonical bundle. This 
can be seen from the twistor construction. 
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Figure 1: Divisor on a mini-twistor space. 




CP 




Divisor 



• Vacuum case: The twistor space fibres over CP^ and so we can pull back 7r-d7r to VT. Let /C 
be a holomorphic vector field on VT such that jCic^\ = r]T,\ (/C corresponds to a nomothetic 
Killing vector on A^). The function D := JCJ tt • d7r is a section of 0{2) and the two-form 
D~^IC-i ^ descends to the mini-twistor space Z. 

• Einstein case: Let VTe be the projective twistor space corresponding to a solution of the 

ASD Einstein equations. It is equipped with a contact structure t e K^{T*'PT e) ® 0{2) 
such that T A dr = A^. dr defines a holomorphic symplectic structure on the non-projective 
twistor space Te- If ii' is a Killing vector on an ASD Einstein manifold then the corresponding 
holomorphic vector field on the non-projective twistor space is Hamiltonian with respect to dr. 
To see this, define a section of 0{2) by D := /C J r. We have dD = Ck,t — /C J dr = — /C J dr 
as /C is a symmetry. 

On the projective spin bundle T define 

n :=£>-2S. 

We have the following result: 

Proposition 4.7 The two- form 11 is well defined on the Einstein-Weyl correspondence space Tw- 
it satisfies 

dn = 0, n A n = 0, (4.47) 

where d = dec* (8) 9j -|- dA (g) 9^ is the exterior derivative on Tw ■ Any two linearly independent vectors 
La' such that La' -i S = Q form a Lax pair for the EW equations. 

Proof. The simplicity follows from S A S = 0. In the vacuum case the two form 



n = q 

/C J (tt • d7r) 

is a pull back of a closed and simple form on VT. In the Einstein case 

n = £)-2g*/C J (Ar A dr) = d(Ar/£)). 



(4.48) 



Therefore Einstein- Weyl metrics which come from ASD Einstein and hyper-Kahler four manifolds 
give rise to the same structure on the reduced spin bundle. The form 11 descends to Tw because 
dn = and d(^J n) = 0. □ 

Rem ark. In |^ certain dispersionless integrable systems were expressed in terms of 11 satisfying 
(|l47|) . 

The two form E can be equivalently constructed from the data on M. as follows. Let i^T be a 
Killing vector on a general ASD conformal manifold (A^, [g]), and let S be a volume form on the 
non-pro jective primed spin bundle S'^ . Define the two form on 

S:=S(Lo,ii,^,TH,. ..,...). (4.49) 

Here Th = tt'^ jdix^ is the Euler vector field on , La is the twistor distribution, and is a 
Lie lift of K to S"^ . Now assume that {M.^g) is also vacuum. Consequently \I aa'K'^b' = const 
and the spin bundle is equipped with a canonical divisor|| D tt^ tt^ Vaa'K'^b' G C'(2) which 
descends to the reduced spin bundle^ (Figure |^). It is easy to prove that now 

E = TTA'TrB'Trc'TrD'(l>^'^'^^'^' + t^a'T^B'T^C^t^^' A {K J S^^'-^'), 

4(/.A'B'7r-^'d7r^' . 
^ = xA'B^ ^dln£) 

n = AXA^^^-^, where S(A) - tt^-ttb,!]^'^'. (4.50) 
13^ D 

From the last formula it follows that to construct 11 one should rewrite E(A)/Z? in the coordinates 
in which K — dt, and then replace all dts by the differentials of a suitably defined invariant spectral 
parameter. 

Example. We shall now illustrate the construction of 11 with a simple example. Let 2dwd'w — 
2dzdz be a flat metric on R^'^ and let K — zdz — zd^ be a Killing vector. The flat twistor 
distribution and the lifted symmetry are: 

Lo^dti~Xdz, Li=di-Xdni, K = zd,_ - zd^ + Xdx- 

The volume form on J- and the two- form E(A) are given by 

S = dA A dz A dz A dw A dw, I](A) = -A^dw A dz -f X{dw A dw - dz A dz) + dw A dz. 

In the covariantly constant frame we introduce 2r := In(zz), 20 := ln(z/z), so that K — dtf, + Xdx. 
In these coordinates 

E(A) = -A^e'^-'^dw A (dr - dc/)) + X{dw Adw + 2e^''dr A dcj)) + e'^+^dw A (dr + d<j>) 



and (from ( [4.50[ )) 

n = eJ'{dw A dA + A^^diw A dA + Adw A dr - A"Mw A dr) + 2A"^e^''dr A dA - dw A dw (4.51) 

where A = Ae""^ is an invariant spectral parameter. 

The two form 11 can be also obtained as a pull-back from VT. Local inhomogeneous coordinates 
on VT pulled back to !F are given by (A , fi^ = Xw + z, ijP = Xz + w). The holomorphic vector field 
on VT is IC = /i°a^o + Xdx. From ( ^1.481) we have 

q*{ICJ (dA A d/ A dn^) = (/dA - Ad^i^) A dfi^ = A^d/x^ A d{n"/X). 

Thus 

n = d^i A d(//A) dP A dQ 



which agrees with (4.51). Here P = w + X ^e*" and Q — Ae*" + w are coordinates on mini-twistor 
space pulled back to the reduced spin bundle. 



We assume that Vaa'K^b' / 0. If ^AA'K^gi = then K is triholomorphic and a section of 0(2) which descends 
to the reduced spin bundle is {l ■ vr)^ where t^' is any constant spinor. 

By the reduced spin bundle (correspondence space) we mean the space of orbits of if in S"*' (in T). 
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5 Twistor theory of the dKP Einstein- Weyl structures 



Here we give an account of the twistor theory of the dKP EW metrics, and the dKP equation 
(some connections between a twistor theory and the dKP equations have been discussed in |l5[] ). 
We shaU also characterise all four dimensional hyper-Kahler and ASD Einstein metrics that give 
rise to the dKP EW structures. 

Define the non-projective twistor space, y corresponding to a Weyl space W, to be the total 
space of the line bundle k^/^ Z where k = fi^ is the canonical bundle of Z. The nonprojective 
spin bundle Sa' i-^ W is the rank two vector bundle defined to be the total space of the puUback 
of this line bundle to the correspondence space W x CP^ . The fibration q : i-^ 3^ is spanned by 



a lift of the mini- twistor distribution La' ( 4.44 ) 



Any shear-free null geodesic congruence of the Einstein- Weyl structure determines a one-dimen- 
sional sub-manifold in Z (this is a reduction of the 4-dimensional Kerr theorem). A codimension- 
one submanifold determines a line bundle [D] by the divisor construction; [D] admits a section D 
that vanishes precisely on the given submanifold. 

When the Einstein- Weyl geometry arises from a solution of the dKP equation the dual canonical 
bundle of the minitwistor space admits a fourth root that is given by the divisor construction, 
that is it admits a section D that vanishes on a codimension-one subset. In general, as seen above, if 
the Einstein- Weyl geometry is a reduction of an ASD Einstein, or hyper-Kahler four-manfiold, then 
K~^l'^ admits a section whose zero set will generally have two components in the neighbourhood of 
a line. For an Einstein- Weyl dKP solution, the two 'divisor curves' in Fig (|l|) degenerate to one 
curve. This observation gives rise to a twistor characterisation of solutions to the dKP equation 

Proposition 5.1 There is a one to one correspondence between Einstein- Weyl spaces obtained 
from solutions to the dKP equation and two-dimensional complex manifolds with 

• A three parameter family of rational curves with normal bundle 0{2). 

• A global section I of n^^^'^, where n is the canonical bundle. 

In order to obtain a real Einstein- Weyl structure, we require an antiholomorphic involution fixing 
a real slice, leaving a rational curve invariant and leaving the section of k~^^^ above invariant. 

Proof. The global section I of k^^^^, when pulled back to Sa' determines a homogeneity degree 
one function on each fibre of Sa' and so must, by globality, be given hy I = l'^ tta' and since I is 
pulled back from twistor space, it must satisfy La'I — 0. This implies Da'(b'^C') = Oi and (after 
some algebraic manipulations) 

DA'B'i^' ^0, 

where 13 is a covariant weighted derivative. 

Therefore the null vector field = is covariantly constant. The Lemma implies that 

the conformal weig ht of L^' is -1/4 and hence that of l" is -1/2. This weight can be deduced from 
the correspondence as follows: the two form E = tta'T^B'^^ ^ Ae"^ ^ TTc'diTD' has conformal weight 
on . e^ ^ has weight 0, and ^ weight —1 so tta' has weight 1/ 4. The global section 
TTA't"^ is weightless so the weight of is —1/4. Hence by Proposition |2.2| the corresponding 
Einstein- Weyl space arises from a solution to the dKP equation. 



Conversely, given a solution to (2.9) one can obtain Z as a factor space of W x CP^ by the 
distribution (2.1C) and the covariant constant weighted null vector 1°" = l"^ gives rise to the 



section I — tta' of k ^Z"* □ 

Remark: Note that there is not a 1 — 1 correspondence b etwee n suc h twi stor spaces and solutions 
to the dKP equation on account of the coordinate freedom ( ^.20 ) and ( 2.21 ). The coordinate choices 



implicit in a solution to the dKP equation can be encoded on the twistor space in the choice of the 
coordinates near the divisor as follows. 

Let P, Q be local coordinates on a neighbourhood of the divisor in Z such that Q = on the 
divisor and, setting Q = Q"^, P = P/Q^ on the complement of the divisor, we have 

H = dP A dQ = -Q-'^dP A dQ. 



Consider a graph of a rational curve P(Q)- Parametrise the curve by (i, y, x) as follows: 



Therefore the local coordinates P, Q have the following expansion near A = oo 



P 



Qv + Qh 



1=1 



(after performing an S'L(2,C) transformation and choosing a spin frame such that the constant 
term in the Laurent expansion of Q vanishes) . When we pull the mini-twistor coordinates back to 
T ^ then m^, Wi become functions of {x, y, t). The functions P and Q are solutions of Lax equations 
La'P = La'Q = 0. They form a local Darboux atlas as H = dP A dQ, where H is given by (2^ 



n = dx A dA + dy A d(— + ui) + dt A d(— + Xui + wi). 

^ o 

The poles of 11 occur on the divisor. Now 11 is a pull back of a two-form from a two-dimensional 
manifold. Therefore is satisfies 11 A 11 = 0, which yields wi^ — uiy and the dKP equation ( ^.9[ ) for 

Ul. 

Thus, a solution to the dKP equation corresponds to a EW mini-twistor space as described in 
Proposition 



5.1 



together with a Darboux coordinate system as above on the third formal neighbour- 
hood of the divisor. [It seems likely that the Benney hierarchy will similarly correspond to the EW 
dKP minitwistor space as above together with the Darboux coordinate system on a neighbourhood 
of the divisor defined now to all orders.] 



Now we are in a position to give a characterisation of the hyper-Kahler metrics ( 2.27 ). 

Proposition 5.2 Let g be an indefinite hyper- Kdhler metric with a symmetry K satisfying dK^ A 
dK+ — 0. Then g is locally of the form (2.27 ). 

Proof. Let /C be a vector field (corresponding to K) on a twistor space of {A4 , g) . The divisor 



/C J TT • dTT = TTA'T^B' 



lA'B' 



descends to the minitwistor space. If dK^ is null then <Pa'B' = [^/'^)^ AA'Kg, = la'I-b' for some 
constant spinor . Therefore tt • t on VT defines a divisor in Z. It takes values in kT^/^ because 
the canonical bundle of V T is the square of the puUback of the canonical bundle of CP"'^. The 
assum ption s of Proposition 5.1 are satisfied and so the EW structure corresponding to Z is of the 
form ( ^.11 ) . Therefore it follows from Proposition ^.5| that the metric g is given by 



g^n{V{df -Adidi 



AudP) - V^^{di + &f) = Vlg, 



where {t(i, y, t) is a solution to dKP {V , a) is a solution to the monopole equation ( ^.23 ), and is 
a conformal factor. Calculating the scalar curvature of the metric g yields 



and so i? = because V satisfies (2.26). However the metric g is hyper-Kahler, therefore its scalar 
curvature also vanishes. As a consequence we deduce that Q, = Vl{i). Now we can use the coordinate 
freedom (2.21) to absorb Vl in the solution to the dKP equation. This yields 



g = (y(di;2 - 4da;dt - Audt^) - V-^{dz + af) = ilg, 



(5.52) 



where (V, a) is another solution to the monopole equation, 
metric is hyper-Kahler metric if y is a multiple of . 



In section 2.1 we showed that this 



Consider the metric (5.52) with an arbitrary monopole V (an arbitrary solution to the lin- 
earised dKP equation 2.2£). The self-dual derivative of the isometry K = dz is given by cj)A'B' - 
{ux/V)LA't'B' , for some constant spinor la'- The well known identity VaVb-ftTc = Rhm.dK'^ and the 
vacuum condition yield a4>B'C' — 0. Therefore (5.52) is hyper-Kahler iff Ux/V 
Remarks: 



Rbc 

— const. 



□ 



This Proposition corrects an omission made in the classification Q of complexified hyper- 
Kahler spaces with symmetry. In the Appendix we shall demonstrate explicitly that the dKP 
equation is a reduction of the second heavenly equation considered in ||9| . 

Metrics ( 5.52| ) with V ^ const x Ux are not vacuum, but they admit a covariantly constant 
real spinor. The full characterisation of these metrics will be given in our subsequent paper. 
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Proposition 5.3 All EW structures which arise from indefinite ASD Einstein metric with a sym- 
metry K satisfying AKj^ A AKj^ = are locally of the form ( p. 11 ). 

Proof. The canonical divisor D := /C J r (where r is the contact structure) descends to a mini- 
twistor space. Because dKj^ is null the square root of D exists and takes its values in k^^/^. 
□ 



6 Symmetry reductions of hyper-Kahler metrics in 2 + 2 sig- 
nature 

Symmetry reductions of the hyper-Kahler condition on a real four-dimensional Riemannian metric 
have been completely classified: 

• If the symmetry is tri-holomorphic, then the corresponding metric belongs to the Gibbons- 
Hawking class and is given by a solution to the Laplace equation in three dimensions. 
The resulting Einstein- Weyl structures are trivial, and their mini-twistor space is TCP^. 

• Hyper-Kahler metrics with non-triholomorphic Killing vectors are given by solutions to the 



SU [oo) Toda equation The corresponding EW structures |33| are characterised by the 
existence of a shear- free, twist-free geodesic congruence [0. Mini-twistor spaces are in this 
case equiped with a canonical divisor (two one-dimensional complex sub-manifolds) taking its 
values in 0(2) |20). In Q EW Toda structures were characterised in terms of weighted vector 
fields. 

• Hyper-Kahler metrics with tri-holomorphic conformal symmetries yield a class of EW struc- 
tures (called hyper-CR EW structures) characterised by the existence of a sphere of shear-free, 
divergence-free geodesic congruences JTof . The corresponding mini-twistor spaces are fibred 
over CP^ 

• Hyper-Kahler metrics with non-tri-holomorphic, conformal symmetry (and the resulting EW 
structures) are given by solutions to a certain second order integrable equation in three di- 
mensions This equation gives S'J7(oo)-Toda and hyper-CR Einstein- Weyl structures as 
limiting cases. The EW structures arising from conformal, non-tri-holomorphic reductions 
are characterised by the existence of a shear-free geodesic congruence for which the twist is a 
constant multiple of the divergence Q. 

The above list is not complete if one considers Hyper-Kahler metrics in (+ H ) signature. The 

existence of null structures of various kinds allows two additional types of symmetries: 

• Hyper-Kahler metrics for which the self-dual part of a derivative of a Killing vector is null 



correspond to solutions of the dispersionless Kadomtsev-Petviashvili equation (2_^). The 
corresponding EW structures are characterised by the existence of a constant weighted vector. 
The minitwistor spaces are such that the line bundle admits a section, where n is the 

canonical line bundle. The above statements have been proved in this paper. 

• Hyper-Kahler metrics with conformal Killing vectors for which the self-dual part of a derivative 
of a conformal Killing vector is null. 

The last possibility has not yet been investigated. The EW spaces will be given by a generalisation 
of the dKP equation. We intend to study this generalisation, and the corresponding EW geometries 
in a subsequent paper. 



7 Outlook: a twistor theory for the full KP equation? 

A combination of the dispersive limit of dKP with the twistor picture suggests a candidate for a 
twistor space for the full KP equation ( ^.6| ) (cf the similar proposal in |p8| ). 

Let x be a coordinate on a configuration space Q, and let A be the corresponding momentum. 
The extended six-dimensional phase-space T*{Q x R^) is coordinatised by = {x,y,t),pi = 
(A, H2, H3). Restrict the symplectic form H on T*{Q x R^) to the four-dimensional correspondence 
space JF^ obtained by putting Hr ■= Hr{x'-, A), r — 2,3. The (complexified) space !F'^ is fohated by 
sub-manifolds whose tangent vectors annihilate the symplectic form, which gives rise to a projection 
p : T — > 2, such that H descends to a symplectic form on Z. The two-dimensional complex 
manifold Z is the mini-twistor space for the extended configuration space Q x R^ with its dKP 
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Einstein- Weyl structure. It is believed that the Moyal quantisation of T*{Q x M^) gives rise to the 
full KP equation. This suggests the conjecture that there exists a correspondence between solutions 
to the full KP equation and the Moyal deformations of Z. 

It will be instructive to compare this approach to the twistor constructions for the full KP 
equations described in ||2^, and §12.6 of |^ . 



8 Acknowledgements 

We thank David Calderbank for valuable comments which resulted in many improvements. Maciej 
Dunajski would like to thank Centro de Investigacion y de Estudios Avanzados in Mexico, where 
part of this work was done, for its financial support (3697 E, Proyecto de CONACYT). MD is also 
grateful to Bogdan Mielnik, Maciej Przanowski and Jerzy Plebahski for their warm hospitality. 
LJM would like to acknowledge support from NATO collaborative Research Grant number CRG 
950300. 

Some results in sections 3 and 5 were obtained during the workshop Spaces of geodesies and 
eomplex methods in general relativity and geometry held in the summer of 1999 at the Erwin 
Schrodinger Institute in Vienna. We wish to thank ESI for the hospitality and for financial assis- 
tance. 

9 Appendix 



Here we shall demonstrate (by an explicit calculation) that the dKP equation (2.9) is a reduction 
of the second heavenly equation by a Killing vector with a null self-dual derivative. 
Let Q{z,t,q,y) satisfy p7|. 



Then 



e.y - etq + QqqQyy - %y = 0. (9.53) 



g = 2(dzdy + Aqdt - QqqAz^ - ©yad^ + 2QyqdzAt) (9.54) 



is a hyper-Kahler metric. All hyper-Kahler metrics can locally be put in the form (9.54). 

Let K he a. Killing vector such that dif+ A dA'+ = 0. There is no loss of generality 1^ in 
choosing K = dz — 2zdq, in which case dK+ = 2dt A dz. 

The KiUing equations yield {CKQ)yy — {CK'c>)qq — 0, {CKQ)yq = 1- They integrate to 

zqy + yA{z, t) + qB{z, t) + C(z, t) + G{y, t,q + z^). (9.55) 



The function C is pure gauge and can be set to zero without loss of generality. Imposing ( |9.53 ) 
gives two equations: the first is Az + Bt = 2z^, and we can deduce, without loss of generality, that 
A = z^ ,B ~ —z'^t, and the second is 

- u - Gtu + GyyG^u - = 0, where u = -{q + z^). (9.56) 



The last equation is equivalent to the dKP equation. To sec this write ( 9.56| ) as a closed system 



dG = Gudu + Gtdt + Gydy, 
= -udy AdtAdu + dG„ A dy A du - dGy A dGu A dt. (9.57) 

Now rewrite the first equation as d(G — uGu) = Gtdt + Gydy — udGu, and perform a Legendre 
transform 

x:=Gu, u = u{t,y,x), H(t,y,x) := ~G{t,y,u{t,y,x)) + xu{t,y,x). 



The relation dH = Htdt + H^dx + Hydy implies Ht = —Gf , Hy = —Gy, = u. Equation ( 9.57 ) 
yields 

-H^dy A dt A dH^: -I- da; A dy A dH^ + dHy A da; A dt = 0, 
which is equivalent to 

HxHxx — Hxt + Hyy ~ 0. (9.58) 
Taking the x derivative of the above equation and using Hx — u yields 

2 

llxt ^'^xx — ^yy 



on 



which is the dKP equation. To calculate the metric differentiate the relation x — G„ with respect 
to X and Hy = —Gy with respect to y, 

2 

Uy 

1 — GuuUxj = Guy + GuuUyj = Gut + GuuUt, Gyy = h UU^ — 

Ux 



(we also used ( 9.58| )). Therefore (from ( 9.55| )) we have 



u 11 1 

Qyy = + UUa: - Ut, Qyq^-^ + Z, 6,5 = —. 



The metric (3-54) in terms of u{x,y,t) is 



g = 2{-Uxdxdt + dzdy + 2—dzdt - Uydydt - {uux + — )di^ ^-dz^) 

Ux Ux Ux 

= }^Uly^ - 4dxdt - Audt^) -—(dz- ^ - uydt)^ 
2^ ^ ' Ux 2 y ' 



which is ( ^.27| ) 
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